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1. Let A ⊆ R be nonempty, f : A→ R, A+ := A ∩ (x0,∞), A− := A ∩ (−∞, x0), and
x0 ∈ R be a cluster point of both A+ and A−.

Show that limx→x0 f(x) = ∞ if and only if limx→x+0
f(x) = ∞ and limx→x−0

f(x) =
∞, and the corresponding result for −∞.

Proof. “ =⇒ ” Assume limx→x0 f(x) =∞. LetM > 0 be given. Since limx→x+0
f(x) =

∞, there exists δ1 > 0 such that for all x0 < x < x0 + δ1, x ∈ A, f(x) > M.

Similarly, since limx→x−0
f(x) = ∞, there exists δ2 > 0 such that for all x0 − δ2 <

x < x0, x ∈ A, f(x) > M.

Now take δ := min{δ1, δ2} > 0, then for 0 < |x − x0| < δ, x ∈ A, f(x) > M .
Therefore limx→x0 f(x) =∞, since M > 0 is arbitrary.

“ ⇐= ” Assume limx→x+0
f(x) = ∞ and limx→x−0

f(x) = ∞. Let M > 0 be given.

Since limx→x0 f(x) = ∞, there exists δ > 0 such that for 0 < |x − x0| < δ, x ∈ A,
we have f(x) > M .

Now for the same δ > 0, it is true that f(x) > M for x0 < x < x0 + δ x ∈ A
and that f(x) > M for x0 − δ < x < x0, x ∈ A. Hence limx→x+0

f(x) = ∞ and

limx→x−0
f(x) =∞.

The case −∞ is similar.

4(c). Compute

lim
x→∞

√
x− 5√
x+ 3

Solution:

By MATH 1010 we claim that the limit is 1. Let ε > 0 be given. Take t := 64
ε2
> 0.

Then for any x > t, we have:∣∣∣∣√x− 5√
x+ 3

− 1

∣∣∣∣ = 8√
x+ 3

<
8√
t+ 3

<
8√
t

= ε

Hence

lim
x→∞

√
x− 5√
x+ 3

= 1
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4(d). Compute

lim
x→∞

√
x− x√
x+ x

Solution:

By MATH 1010 we claim that the limit is −1. Let ε > 0 be given. Take t := 4
ε2
> 0.

Then for any x > t, we have:∣∣∣∣√x− x√
x+ x

+ 1

∣∣∣∣ = 2
√
x√

x+ x

=
2

1 +
√
x

<
2

1 +
√
t

<
2√
t

= ε

Hence

lim
x→∞

√
x− x√
x+ x

= −1
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